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Let κ be an inﬁnite cardinal. A uniform ultraﬁlter p on κ is a P−
κ+ -point if for every
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properties implies the existence of a P−
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1. Introduction
Let κ be an inﬁnite cardinal and let βκ denote the space of ultraﬁlters on κ . The topology of βκ is generated by taking
as a base the subsets of the form
A = {p ∈ βκ: A ∈ p}
where A ⊆ κ . We shall use U (κ) to denote the subspace of βκ consisting of uniform ultraﬁlters.
Let ω1  λ κ+ . An ultraﬁlter p ∈ U (κ) is a Pλ-point if the intersection of fewer than λ neighborhoods of p in the space
U (κ) is again a neighborhood of p. Equivalently, p ∈ U (κ) is a Pλ-point if for every A ⊆ p with |A| < λ, there is A ∈ p such
that |A \ B| < κ for all B ∈ A. A Pω+ -point is called a P-point. Martin’s Axiom implies the existence of a P -point in U (ω).
However, it is consistent with ZFC that there is no P -point in U (ω) [6].
Initially this paper was motivated by a well-known diﬃcult question of whether there exists in ZFC a nondiscrete Haus-
dorff extremally disconnected topological group [1]. Every such group contains an open Boolean subgroup [4] and all the
examples have been constructed only under additional set-theoretic assumptions [7,3,4,8,10]. A space is extremally discon-
nected if the closure of an open set is open.
Deﬁnition 1.1. Given κ  ω, let T 0 denote the group topology on ⊕κ Z2 induced by the product topology on ∏κ Z2 and
let T 1 denote the group topology on ⊕κ Z2 with a neighborhood base at 0 consisting of subgroups{
x ∈
⊕
κ
Z2: x(γ ) = 0 for all γ < α
}
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θ(x) =minsupp(x) and φ(x) =maxsupp(x)
where supp(x) = {α < κ: x(α) = 0}.
Note that if κ = ω, then T 0 = T 1.
In [9] it was shown that if G is a Hausdorff extremally disconnected topological group and p is an ultraﬁlter on G
containing as a member a countable nonclosed discrete subset of G , then there is a mapping f : G → ω such that f (p) is
a P -point. Here f (p) denotes the ultraﬁlter on ω with a base consisting of subsets f (A) where A ∈ p. It was also shown
that if T is a nondiscrete group topology on ⊕ω Z2 ﬁner than T 0 such that (⊕ω Z2,T ) has no subset with exactly one
accumulation point and φ(F) is an ultraﬁlter, where F denotes the neighborhood ﬁlter of 0 in T , then φ(F) is a P -point.
Deﬁnition 1.2. Let ω λ κ . We say that an ultraﬁlter p ∈ U (κ) is a P−
λ+ -point if for every decreasing λ-sequence (Aξ )ξ<λ
of members of p, there is A ∈ p such that |A \ Aξ | < κ for all ξ < λ.
Here ‘decreasing’ means that Aξ ⊇ Aη whenever ξ < η < λ. Note that every Pλ+ -point is a P−λ+ -point and every P−ω+ -
point is a P -point.
In this paper we prove the following result.
Theorem 1.3. Let κ  ω. Let T be a nondiscrete group topology on⊕κ Z2 ﬁner than T 1 and let F denote the neighborhood ﬁlter
of 0 in T . Suppose that φ(F) is an ultraﬁlter and at least one of the following conditions is satisﬁed:
(1) (
⊕
κ Z2,T ) has no subset with exactly one accumulation point,
(2) κ > ω and T is extremally disconnected.
Then φ(F) is a P−
κ+ -point.
Observe that if D is a subset of (
⊕
κ Z2,T ) with exactly one accumulation point, say x, then D \ {x} is a strongly discrete
subset (see Lemma 3.1), so condition (1) in Theorem 1.3 is equivalent to
(1′) (
⊕
κ Z2,T ) has no strongly discrete subset with exactly one accumulation point.
A subset D of a space X is strongly discrete if for every x ∈ D there is a neighborhood Ux of x ∈ X such that Ux ∩ U y = ∅ for
all distinct x, y ∈ D .
We prove Theorem 1.3 in Section 3. Now we discuss its consequences.
The ﬁrst of them is concerned with maximally nondiscrete topological groups. A topological group is maximally nondis-
crete if its topology is maximal among all nondiscrete Hausdorff group topologies. By Zorn’s lemma, every nondiscrete
Hausdorff group topology can be reﬁned to a maximally nondiscrete group topology. If one searches topological groups with
extremal properties, maximally nondiscrete topological groups is the ﬁrst place to look at. But it is diﬃcult to say anything
about them.
Deﬁnition 1.4. For every p ∈ U (κ), deﬁne the group topology Tp on ⊕κ Z2 by taking as a neighborhood base at 0 the
subgroups
{
x ∈
⊕
κ
Z2: supp(x) ⊂ A
}
,
where A ∈ p.
Observe that if F is the neighborhood ﬁlter of 0 in Tp , then φ(F) = p.
Corollary 1.5. Let κ ω and let p ∈ U (κ). Suppose that p is not a P−
κ+ -point and let T be any nondiscrete group topology on
⊕
κ Z2
ﬁner than Tp . Then
(1) (
⊕
κ Z2,T ) contains a strongly discrete subset with exactly one accumulation point, and
(2) if κ > ω, T is not extremally disconnected.
Since there are ultraﬁlters in U (κ) not being P−+ -points (see Example 2.5), we obtain from Corollary 1.5 thatκ
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strongly discrete subset with exactly one accumulation point, and if κ > ω, T is not extremally disconnected.
The ﬁrst part of Corollary 1.6 solves in the negative the question whether every discrete subset of a maximally nondis-
crete topological group is closed [5, Question 5.2.3].
Another consequence of Theorem 1.3 is related to the left invariant topologies on groups determined by ultraﬁlters.
A topology T on a group G is left invariant if for every a ∈ G , the left translation G  x → ax ∈ G is continuous in T .
For every ﬁlter F on G , let T [F ] denote the largest left invariant topology on G in which F converges to the identity. The
open neighborhoods of an element a ∈ G in T [F ] are precisely the subsets of the form
[M]a =
{
x0 · · · xn: n < ω, x0 = a and xi+1 ∈ M(x0 · · · xi) for all i < n
}
where M : G → F is a mapping [11, Proposition 2.2]. A remarkable fact about this topology is that, for every nonprincipal
ultraﬁlter p on G , T [p] is an extremally disconnected T1-topology [11, Proposition 2.5]. A natural question arises whether
there exists a nonprincipal ultraﬁlter p on a group such that T [p] is a group topology.
Corollary 1.7. Let κ > ω. Let p be a nonprincipal ultraﬁlter on
⊕
κ Z2 converging to 0 in T 1 and suppose that T [p] is a group
topology. Then φ(p) is a P−
κ+ -point.
Since T [p] is extremally disconnected, Corollary 1.7 is immediate from Theorem 1.3 and the next lemma.
Lemma 1.8. Let κ  ω. Let p be a nonprincipal ultraﬁlter on
⊕
κ Z2 converging to 0 in T 1 and let F denote the neighborhood ﬁlter
of 0 in T [p]. Then φ(F) = φ(p).
Proof. Let G =⊕κ Z2 and for every α < κ , let
Gα =
{
x ∈ G: x(γ ) = 0 for all γ < α}.
To see that φ(p) ⊆ φ(F), let A ∈ p. Deﬁne M : G → p by putting M(0) = A and M(x) = A ∩ Gφ(x)+1 for all x = 0. Now let
0 = x ∈ [M]0. Write x as x= x0 + · · · + xn , where x0 = 0, n < ω and xi+1 ∈ M(x0 + · · · + xi) for all i < n. Then φ(x) = φ(xn) ∈
φ(A). Hence, φ([M]0) ⊆ φ(A), and so φ(A) ∈ φ(F). 
The mentioned above results from [9] and Lemma 1.8 give us the following supplement to Corollary 1.7 in the countable
case.
Proposition 1.9. Let p be a nonprincipal ultraﬁlter on
⊕
ω Z2 converging to 0 in T 0 and suppose that T [p] is a group topology. Then
there is a mapping f :⊕ω Z2 → ω such that f (p) is a P -point.
In Section 4, we deduce from Corollary 1.7 and Proposition 1.9 the following result.
Theorem 1.10. Let p be a nonprincipal ultraﬁlter on a group G and suppose that T [p] is a group topology. Then there is λ |G| and
a mapping f : G → λ such that f (p) is a P−
λ+ -point.
2. Preliminaries
Let κ ω. For every ﬁlter F on κ , deﬁne the closed subset F ⊆ βκ by
F =
⋂
A∈F
A.
Note that F consists of all ultraﬁlters on κ containing F . Conversely, every nonempty closed subset of βκ can be uniquely
represented in such a way.
Deﬁnition 2.1. Let ω  λ  κ . We say that a subset F ⊆ U (κ) is a P−
λ+ -set if for every decreasing λ-sequence (Aξ )ξ<λ of
members of F , there is A ∈ F such that |A \ Aξ | < κ for all ξ < λ.
Lemma 2.2. A ﬁnite subset F ⊆ U (κ) is a P−
λ+ -set if and only if each p ∈ F is a P−λ+ -point.
Proof. Choose a partition {Bp: p ∈ F} of κ such that Bp ∈ p for each p ∈ F .
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λ+ -set. To see that each p ∈ F is a P−λ+ -point, let (Apξ )ξ<λ be a decreasing λ-sequence of members
of p. Without loss of generality one may suppose that Ap0 ⊆ Bp . Deﬁne a decreasing λ-sequence (Aξ )ξ<λ of members of F
by Aξ =⋃p∈F Apξ . Since F is a P−λ+ -set, there is A ∈ F such that |A \ Aξ | < κ for all ξ < λ. For each p ∈ F , deﬁne Ap ∈ p
by Ap = A ∩ Bp . Then |Ap \ Apξ | < κ for all ξ < λ.
Now suppose that each p ∈ F is a P−
λ+ -point. To see that F is a P−λ+ -set, let (Aξ )ξ<λ be a decreasing λ-sequence of
members of F . For each p ∈ F , deﬁne a decreasing λ-sequence (Apξ )ξ<λ of members of p by Apξ = Aξ ∩ Bp . Since p is a
P−
λ+ -point, there is A
p ∈ p such that |Ap \ Apξ | < κ for all ξ < λ. Deﬁne A ∈ F by A =
⋃
p∈F A
p . Then |A \ Aξ | < κ for all
ξ < λ. 
Now we derive several characterizations of P−
λ+ -sets.
Lemma 2.3. For a subset F ⊆ U (κ), the following statements are equivalent:
(i) F is a P−
λ+ -set,
(ii) for every decreasing λ-sequence (Aξ )ξ<λ of members of F ,
⋂
ξ<λ Aξ ∩ U (κ) is a neighborhood of F ⊆ U (κ),
(iii) for every decreasing λ-sequence (V ξ )ξ<λ of closed neighborhoods of F ⊆ βκ ,⋂ξ<λ V ξ ∩ U (κ) is a neighborhood of F ⊆ U (κ).
Proof. (i) ⇒ (ii). Let (Aξ )ξ<λ be a decreasing λ-sequence of members of F . Since F is a P−λ+ -set, there is A ∈ F such that|A \ Aξ | < κ for all ξ < λ. Then
A ∩ U (κ) ⊆
⋂
ξ<λ
Aξ ∩ U (κ).
Hence,
⋂
ξ<λ Aξ ∩ U (κ) is a neighborhood of F ⊆ U (κ).
(ii) ⇒ (iii). Let (V ξ )ξ<λ be a decreasing λ-sequence of closed neighborhoods of F ⊆ βκ . Deﬁne a decreasing λ-sequence
(Aξ )ξ<λ of members of F by Aξ = V ξ ∩ κ . Since F is a P−λ+ -set, there is A ∈ F such that |A \ Aξ | < κ for all ξ < λ. It
follows that
A ∩ U (κ) ⊆
⋂
ξ<λ
Aξ ∩ U (κ) ⊆
⋂
ξ<λ
V ξ ∩ U (κ).
Hence,
⋂
ξ<λ V ξ ∩ U (κ) is a neighborhood of F ⊆ U (κ).
(iii) ⇒ (i). Let (Aξ )ξ<λ be a decreasing λ-sequence of members of F . Then (Aξ )ξ<λ is a decreasing sequence of closed
neighborhoods of F ⊆ βκ , and so ⋂ξ<λ Aξ ∩ U (κ) is a neighborhood of F . Consequently, there is A ∈ F such that
A ∩ U (κ) ⊆
⋂
ξ<λ
Aξ ∩ U (κ).
But then |A \ Aξ | < κ for all ξ < λ. 
Lemma 2.4. Let κ ω, let λ = cf(κ), and let F ⊆ U (κ). Then the following statements are equivalent:
(1) F is a P−
κ+ -set,
(2) F is a P−
λ+ -set,
(3) for every decreasing λ-sequence (Aξ )ξ<λ of members of F , there is A ∈ F such that |A ∩ (Aξ \ Aξ+1)| < κ for all ξ < λ,
(4) for every f : κ → λ, there is A ⊆ κ such that either A ∩ B = ∅ for all B ∈ F and | f (A)| < λ or A ∈ F and | f −1(ξ) ∩ A| < κ for
all ξ < λ.
Proof. (1) ⇒ (2). Let (Aξ )ξ<λ be a decreasing λ-sequence of members of F . Pick a strictly increasing coﬁnal sequence
(αξ )ξ<λ in κ such that α0 = 0 and αξ = supη<ξ αη if ξ is limit. Deﬁne a decreasing κ-sequence (Bα)α<κ of members of F
by
Bα = Aαξ if αξ  α < αξ+1.
Since F is a P−
κ+ -set, there is A ∈ F such that |A \ Bα | < κ for all α < κ . Then |A ∩ (Aξ \ Aξ+1)| < κ for all ξ < λ.
(2) ⇒ (1). Let (Aα)α<κ be a decreasing κ-sequence of members of F . Pick an increasing coﬁnal sequence (αξ )ξ<λ in κ .
Then (Aαξ )ξ<λ is a decreasing λ-sequence of members of F . Since F is a P−λ+ -set, there is A ∈ F such that |A \ Aαξ | < κ
for all ξ < λ. Then also |A \ Aα | < κ for all α < κ .
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(3) ⇒ (4). For every ξ < λ, let Aξ =⋃ξη<λ f −1(η). If Aξ ∈ F for all ξ < λ, then there is A ∈ F such that |A ∩ (Aξ \
Aξ+1)| = |A ∩ f −1(ξ)| < κ for all ξ < λ. If Aξ /∈ F for some ξ < λ, then Aξ /∈ p for some p ∈ F , so A = κ \ Aξ ∈ p and
f (A) ⊆ ξ .
(4) ⇒ (2). Let (Aξ )ξ<λ be a decreasing λ-sequence of members of F . Without loss of generality one may suppose that
A0 = κ , Aξ =⋃η<ξ Aη if ξ is limit, and ⋂ξ<λ Aξ = ∅. Deﬁne f : κ → λ by
f (x) = ξ if x ∈ Aξ \ Aξ+1.
For every p ∈ F and C ∈ p, f (C) is coﬁnal in λ. Consequently, there is A ∈ F such that | f −1(ξ)∩ A| = |(Aξ \ Aξ+1)∩ A| < κ
for all ξ < λ. It follows that |A \ Aξ | < κ for all ξ < λ. 
We conclude this section by showing that for every κ ω, there are ultraﬁlters in U (κ) not being P−
κ+ -points.
Example 2.5. Let κ  ω and λ = cf(κ). Pick a λ-partition {Bξ : ξ < λ} of κ such that |Bξ | = κ for all ξ < λ. Deﬁne the
ﬁlter F on κ by taking as a base the subsets of the form ⋃ξη<λ Cη , where ξ < λ and for every η ∈ [ξ, λ), one has Cη ⊆ Bη
and |Bη \ Cη| < κ . We claim that every ultraﬁlter p on κ containing F is not a P−λ+ -point.
To see this, for every ξ < λ, let Aξ = ⋃ξη<λ Bη . Then (Aξ )ξ<λ is a decreasing λ-sequence of members of p with
Aξ \ Aξ+1 = Bξ . It follows that for every A ∈ p, there is ξ < λ such that |A ∩ Bξ | = κ . Indeed, otherwise B = κ \ A ∈ F ,
which is a contradiction.
3. Proof of Theorem 1.3
Lemma 3.1. Let T be a nondiscrete group topology on⊕κ Z2 ﬁner than T 1 . Then every discrete subset of (⊕κ Z2,T ) is strongly
discrete.
Proof. Let G = (⊕κ Z2,T ) and for every α < κ , let
Gα =
{
x ∈ G: x(γ ) = 0 for all γ < α}.
Let D be a discrete subset of G . Without loss of generality one may suppose that 0 /∈ D . For every x ∈ D , pick a closed
neighborhood Ux of 0 ∈ G such that (x+ Ux) ∩ D = {x} and let
Fx =
{
y ∈ D: φ(y) < φ(x) and supp(y) ⊂ supp(x)}.
Inductively for every α < κ and for every x ∈ D with φ(x) = α, choose a neighborhood Vx of 0 such that
(i) Vx ⊆ Ux ∩ Gφ(x)+1, and
(ii) (x+ Vx) ∩ (y + V y) = ∅ for all y ∈ Fx .
This can be done because Fx is ﬁnite and for every y ∈ Fx , x /∈ y + U y and y + U y is closed.
We now claim that (x+ Vx) ∩ (y + V y) = ∅ for all distinct x, y ∈ D .
Indeed, suppose that φ(y) φ(x). If y ∈ Fx , the statement holds by (ii). Otherwise supp(y) \ supp(x) = ∅ or φ(y) = φ(x),
in any case
(y + Gφ(y)+1) ∩ (x+ Gφ(x)+1) = ∅,
so the statement holds by (i). 
Lemma 3.2. Let X be an extremally disconnected space, let D be a strongly discrete subset of X , and let x ∈ cl D \ D. Then there is
exactly one ultraﬁlter on X containing D and converging to x.
Proof. [9, Lemma 2]. 
Now we are ready to prove Theorem 1.3. In fact, we prove a little bit more.
Theorem 3.3. Let κ  ω. Let T be a nondiscrete group topology on⊕κ Z2 ﬁner than T 1 and let F denote the neighborhood ﬁlter
of 0 in T . Suppose that at least one of the following conditions is satisﬁed:
(1) (
⊕
κ Z2,T ) has no subset with exactly one accumulation point,
(2) κ > ω and T is extremally disconnected.
Then φ(F) is a P−+ -set. In particular, if φ(F) is ﬁnite, then each of its points is a P−+ -point.κ κ
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κ+ -set, we use characterization (4) from Lemma 2.4. Let λ = cf(κ) and let f : κ → λ.
Note that F consists of all ultraﬁlters on ⊕κ Z2 converging to 0 in T . Let S = F \ {0}. For each p ∈ S , pick Ap ∈ p such
that either f (φ(x)) θ(x) for all x ∈ Ap or f (φ(x)) < θ(x) for all x ∈ Ap .
Suppose ﬁrst that (
⊕
κ Z2,T ) has no subset with exactly one accumulation point. Consider two cases.
Case i: there is p ∈ S such that f (φ(x)) < θ(x) for all x ∈ Ap . Pick an accumulation point a = 0 of Ap . Then there is q ∈ S
and Q ∈ q such that a + Q ⊆ Ap . Choose Q in addition so that for every x ∈ Q , one has φ(a) < θ(x). Then for every x ∈ Q ,
we have that
f
(
φ(x)
)= f (φ(a+ x))< θ(a+ x) = θ(a).
Hence | f (φ(Q ))| < λ.
Case ii: for every p ∈ S , f (φ(x)) θ(x) for all x ∈ Ap . Deﬁne the neighborhood V of 0 in T by
V =
⋃
p∈S
Ap ∪ {0}
and choose a neighborhood W of 0 such that W + W ⊆ V . We claim that for every ξ < λ, | f −1(ξ) ∩ φ(W )| < κ .
Indeed, assume the contrary. Then there exist ξ < λ and a κ-sequence (xα)α<κ in W such that f (φ(xα)) = ξ and
φ(xα) < φ(xγ ) whenever α < γ < κ . It follows that there exist α < γ < κ such that xα(η) = xγ (η) for all η  ξ . Let
x= xα + xγ . Then x ∈ V and so f (φ(x)) θ(x). But φ(x) = φ(xγ ) and θ(x) > ξ . Hence f (φ(xγ )) > ξ – a contradiction.
Now suppose that κ > ω and T is extremally disconnected. If (⊕κ Z2,T ) has no subset with exactly one accumulation
point, we are done. Therefore, suppose that there is a subset D of (
⊕
κ Z2,T ) with cl D \ D = {0}. Let p ∈ S be such that
D ∈ p. Consider two cases.
Case a: there is q ∈ S \ {p} such that f (φ(x)) < θ(x) for all x ∈ Aq . It follows that Aq has a nonzero accumulation point,
and then likewise in Case i there is r ∈ S and R ∈ r such that | f (φ(R))| < λ.
To see that Aq has a nonzero accumulation point, assume the contrary and let E = Aq ∪ D . Then cl E \ E = {0} and there
are at least two ultraﬁlters on E converging to 0, namely p and q. But applying Lemma 3.1 and Lemma 3.2 shows that there
is only one such an ultraﬁlter – a contradiction.
Case b: for every q ∈ S \ {p}, f (φ(x)) θ(x) for all x ∈ Aq . If also f (φ(x)) θ(x) for all x ∈ Ap , then likewise in Case ii
there is a neighborhood W of 0 such that for every ξ < λ, one has | f −1(ξ)∩ φ(W )| < κ . Therefore, suppose that f (φ(x)) <
θ(x) for all x ∈ Ap .
For each n ∈ N, let ν(n) =max{m < ω: 2m|n}. Deﬁne the partition {Di: i < 2} of D by
Di =
{
x ∈ D: ν(∣∣supp(x)∣∣)≡ i (mod 2)}.
Then Di ∈ p for some i < 2. Now deﬁne the neighborhood V of 0 by
V =
⋃
p =q∈S
Aq ∪ (Ap ∩ Di) ∪ {0}
and choose a neighborhood W of 0 such that
W + W + W + W ⊆ V .
We claim that for every ξ < λ, one has | f −1(ξ) ∩ φ(W )| < κ .
Indeed, assume the contrary. Then there exist ξ < λ and a κ-sequence (xα)α<κ in W such that f (φ(xα)) = ξ and
φ(xα) < φ(xγ ) whenever α < γ < κ . It follows that there exists an ω1-subsequence (yα)α<ω1 of (xα)α<κ such that yα(η) =
y0(η) for all α < ω1 and η  ξ . Applying the -system lemma [2, Chapter II, Theorem 1.5], we obtain an ω1-subsequence
(zα)α<ω1 of (yα)α<ω1 , a ﬁnite I ⊂ κ and n < ω such that, whenever α < γ < ω1, one has supp(zα) ∩ supp(zγ ) = I and|supp(zα) \ I| = n. Let
Z = {z0 + z1, z2 + z3, z0 + z1 + z2 + z3}
and let z ∈ Z . Then z ∈ V , f (φ(z)) = ξ and θ(z) > ξ , so f (φ(z)) < θ(z). It follows that z ∈ Ap ∩ Di . But∣∣supp(z0 + z1)∣∣= ∣∣supp(z0 + z1)∣∣= 2n and ∣∣supp(z0 + z1 + z3 + z4)∣∣= 4n,
and consequently, z0 + z1 and z0 + z1 + z3 + z4 cannot both belong to Di – a contradiction. 
4. Proof of Theorem 1.10
Lemma 4.1. Let G and H be groups and let f : G → H be a surjective homomorphism.
(1) If M is a left invariant (group) topology on G, then f (M) = { f (U ): U ∈ M} is a left invariant (group) topology on H.
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(3) For every ﬁlter F on G, f (T [F ]) = T [ f (F)].
Proof. (1) It is clear that f (M) is a topology on H . Suppose that M is left invariant. Let V ∈ f (M) and y ∈ H . Then
V = f (U ) and y = f (x) for some U ∈ M and x ∈ G . It follows that
yV = f (x) f (U ) = f (xU ) ∈ f (M).
Hence, f (M) is left invariant.
Suppose that T is a group topology and let V be a neighborhood of 1H ∈ H in f (M). Then V = f (U ) for some neigh-
borhood U of 1G in M. Choose a neighborhood W of 1G such that WW−1 ⊆ U . Then f (W ) is a neighborhood of 1H
and
f (W )
(
f (W )
)−1 = f (WW−1)⊆ f (U ) = V .
Hence, f (M) is a group topology.
The proof of (2) is similar to that of (1). If U = f −1(V ) for some V ∈ N and x ∈ G , then f (xU ) = f (x) f (U ) = f (x)V and
(xU )(ker f ) = xU , so xU = f −1( f (x)V ).
(3) Clearly, f (F) converges to 1H in f (T [F ]), so f (T [F ]) ⊆ T [ f (F)]. To see the converse inclusion, let N be any
left invariant topology on H in which f (F) converges to 1H . Then f −1(N ) is a left invariant topology on G and F con-
verges to 1G in f −1(N ). It follows that f −1(N ) ⊆ T [F ]. Consequently, N ⊆ f (T [F ]), and so T [ f (F)] ⊆ f (T [F ]). Hence,
f (T [F ]) = T [ f (F)]. 
In order to prove Theorem 1.10, it suﬃces to show the following.
Theorem 4.2. Let κ  ω and let p be a nonprincipal ultraﬁlter on
⊕
κ Z2 . Then there is λ  κ and a surjective homomorphism
h :⊕κ Z2 →⊕λ Z2 such that h(p) is a nonprincipal ultraﬁlter on⊕λ Z2 converging to 0 in T 1 .
Indeed, let p be a nonprincipal ultraﬁlter on a group G such that T [p] is a group topology. Since T [p] is extremally dis-
connected and a Hausdorff extremally disconnected topological group contains an open Boolean subgroup, one may assume
that G =⊕κ Z2 for some κ ω. By Theorem 4.2, there is λ κ and a surjective homomorphism h :⊕κ Z2 →⊕λ Z2 such
that h(p) is a nonprincipal ultraﬁlter on
⊕
λ Z2 converging to 0 in T 1. It follows from Lemma 4.1 that T [h(p)] = h(T [p]) is
a group topology. Then applying Corollary 1.7 (for λ > ω) and Proposition 1.9 (for λ = ω) gives us a mapping g :⊕λ Z2 → λ
such that g(h(p)) is a P−
λ+ -point. Hence, the mapping f = g ◦ h is as required.
The proof of Theorem 4.2 is based on one auxiliary result interesting also in its own right.
Lemma 4.3. Let x ∈∏κ Z2 \⊕κ Z2 and let H = 〈⊕κ Z2 ∪ {x}〉. Then there is a linear basis B ⊂ H with x ∈ B such that whenever
B0 is a ﬁnite subset of B \ {x}, 〈B \ B0〉 is a neighborhood of 0 ∈ H (in the topology induced by the product topology on∏κ Z2).
Proof. Without loss of generality one may assume that x(α) = 1 for all α < κ . Let I and L denote the set of nonlimit
ordinals < κ and the set of limit ordinals < κ including 0, respectively. For each α ∈ I , deﬁne xα ∈ H as follows. Put x0 = x.
Now let 0 = α ∈ I . Write α as ξ + n where ξ ∈ L and n ∈ N. For each γ < κ , put
xα(γ ) =
{
0 if ξ  γ < ξ + n,
1 otherwise.
Let B = {xα: α ∈ I}.
We ﬁrst check that B is a basis.
To see that B is linearly independent, let α1 < · · · < αn be a ﬁnite increasing sequence in I and suppose that
n∑
i=1
xαi = 0.
It follows that n is even and then
n∑
i=1
(x0 + xαi ) = 0.
But this is impossible, since φ(x0 + xαi ) = αi − 1 for all i except for the case where i = 1 and α1 = 0.
To see that 〈B〉 = H , let {yα: α < κ} be the standard basis of ⊕κ Z2, that is, for every α < κ , yα is deﬁned by
supp(yα) = {α}. Then
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x0 + xα+1 if α ∈ L,
xα + xα+1 otherwise.
Note that if α ∈ L, then α + 1 ∈ I , and if α /∈ L, then both α,α + 1 ∈ I . It follows that 〈xα : α ∈ I〉 = H .
Now let B0 be any ﬁnite subset of B \ {x0}. Then there exist ξ1, . . . , ξm ∈ L and n ∈ N such that for the set
I0 =
m⋃
i=1
[ξi + 1, ξi + n],
one has B0 ⊆ {xα: α ∈ I0}. Let
I1 =
m⋃
i=1
[ξi, ξi + n] and V =
{
y ∈ H: supp(y) ∩ I1 = ∅
}
.
We claim that V ⊆ 〈xα : α ∈ I \ I0〉.
To show this, let y ∈ V . Consider two cases.
Case 1: supp(y) is ﬁnite. Let J = supp(y). Then y =∑α∈ J yα . Consequently,
y =
∑
α∈ J∩L
(x0 + xα+1) +
∑
α∈ J\L
(xα + xα+1).
Since α /∈ I1 implies that both α,α + 1 /∈ I0, it follows that y ∈ 〈xα : α ∈ I \ I0〉.
Case 2: supp(y) is inﬁnite. Then supp(x0 + y) is ﬁnite and contains I1. Let z denote the element of ⊕κ Z2 with
supp(z) = I1 and let J = supp(x0 + y) \ I1. Then
z =
m∑
i=1
(x0 + xξi+n+1) and x0 + y = z +
∑
α∈ J
yα.
It follows that
x0 + y =
m∑
i=1
(x0 + xξi+n+1) +
∑
α∈ J∩L
(x0 + xα+1) +
∑
α∈ J\L
(xα + xα+1).
Consequently,
y = x0 +
m∑
i=1
(x0 + xξi+n+1) +
∑
α∈ J∩L
(x0 + xα+1) +
∑
α∈ J\L
(xα + xα+1),
and so again y ∈ 〈xα : α ∈ I \ I0〉. 
Theorem 4.4. For every fundamental nonconverging ﬁlter F on (⊕κ Z2,T 0), there is a continuous automorphism f of (⊕κ Z2,T 0)
such that the ﬁlter f (F) converges to 0.
Proof. Let G = (⊕κ Z2,T 0) ⊂∏κ Z2. Then F converges to some x ∈∏κ Z2 \ G . Let H = 〈G ∪ {x}〉. By Lemma 4.3, there is a
linear basis B ⊂ H with x ∈ B such that whenever B0 is a ﬁnite subset of B \ {x}, 〈B \ B0〉 is a neighborhood of 0 ∈ H . Let C
denote the standard basis of G . Pick any bijection h0 : B \ {x} → C and extend it to a homomorphism h : H → G by putting
h(x) = 0. Clearly, h is a surjective homomorphism with kerh = 〈x〉.
To see that h is continuous, let U be any neighborhood of 0 ∈ G . Pick a ﬁnite C0 ⊂ C such that 〈C \ C0〉 ⊆ U . Put
B0 = h−10 (C0) and V = 〈B \ B0〉. Then V is a neighborhood of 0 ∈ H and h(V ) ⊆ U .
Now let f = h|G . Then f (F) = h(F) converges to h(x) = 0. Since algebraically H = G ⊕ 〈x〉, it follows that f : G → G is
an automorphism. 
Corollary 4.5. For every fundamental ﬁlter F on (⊕κ Z2,T 0), there is a continuous homomorphism f of (⊕κ Z2,T 0) onto itself
with |ker f | 2 such that the ﬁlter f (F) converges to 0.
Now we are in a position to prove Theorem 4.2.
Proof of Theorem 4.2. By Corollary 4.5, there is a homomorphism f of
⊕
κ Z2 onto itself such that f (p) is a nonprincipal
ultraﬁlter converging to 0 in T 0. Consider the ultraﬁlter θ( f (p)) on κ . Let λ = min{|A|: A ∈ θ( f (p))} and pick A ∈ θ( f (p))
with |A| = λ. Let πA :⊕κ Z2 →⊕A Z2 be the projection, let g :⊕A Z2 →⊕λ Z2 be the isomorphism induced by any
bijection A → λ, and let h = g ◦πA ◦ f . Then h(p) is a nonprincipal ultraﬁlter on ⊕λ Z2 converging to 0 in T 1. 
We conclude this paper with the following questions.
D. Ross, Y. Zelenyuk / Topology and its Applications 157 (2010) 2467–2475 2475Question 1. Is it consistent with ZFC that for every inﬁnite cardinal κ , there is no P−
κ+ -point in U (κ)?
Question 2. Let κ be not an Ulam-measurable cardinal and let cf(κ) > ω. Is it true that there is no P−
κ+ -point in U (κ)?
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